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Castigliano’s Theorem
CASE E: Ladder Frame — Problem Introduction

Evaluate the torsional stiffness (t) of the chassis supported at three wheel
centers and loaded at the fourth adopting Castigliano’s theorem.

gll,l'-ll[El II|| 14/03/2019



Castigliano’s Theorem
CASE E: Ladder Frame — Nomenclature

O, X, Y, Z: global coordinate system

X, ¥, Z. local system applied at the beam cross-section centre of gravity (G)
a, b, ¢, e: dimensions of the frame

F: external force

C: shear centre of the beam cross-section

A B D, E, H, L, P.Q,R: crucial points of the frame

E{.II-IILEI II ” 14/03/2019 5




Ladder Frame

Reaction forces evaluation

MILLE
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Ladder Frame

Skew-symmetry definition

Complete — ladder structure

EII,I{-IILEI II” 14/03/2019

Quarter — ladder structure

We decide to neglect the XY
skew- symm plane to reduce
the problem complexity.




Ladder Frame

Skew-symmetry definition

Wp

Quarter — ladder structure
Skew-symmetry BCs

Nomenclature:
U, V,, W:: Reaction forces related to x, y, z local axes respectively.
O, @, ¥;: Reaction moments related to x, y, z local axes respectively.

gll,l'-ll[El II|| 14/03/2019



Ladder Frame

Skew-symmetry definition

Quarter — ladder structure
Skew-symmetry BCs

Eﬁllﬁ II” 14/03/2019
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Ladder Frame

Skew-symmetry definition

Quarter — ladder structure XZ plane
SkeW-Symmetry BCs Y: outward

Eﬁllﬁ II” 14/03/2019
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Ladder Frame

Skew-symmetry definition

Quarter — ladder structure XZ plane
SkeW-Symmetry BCs Y: outward

Eﬁllﬁ II” 14/03/2019
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Ladder Frame

Castigliano’s Theorem general formulation

The linear density of the elastic potential (alternatively named internal)
energy for the spatial rectilinear beam may be derived as a function of
its cross section resultants, namely

dU  JgME + JeeMyy 4 2JeqMeMy, N2

& (1.37)
= 2E (JygJm — J3,) 2E4
Xisg -t XT}S;;; o XﬁnSﬂSf .ﬂfftz (1 38)
20G'A 2G K; &5

where

o A, Jyy, Jee and Jg, are the section area and moments of inertia,
respectively;

e K is the section torsional stiffness (not generally equivalent to
its polar moment of inertia):

e 1 and (G are the material Young Modulus and Shear Modulus,
respectively; the material is assumed homogeneous, isotropic and
linearly elastic.

The shear energy normalized coeflicients x;,x¢,x¢, are specific to
the cross section geometry, and may be collected from the expression
of the actual shear strain energy due to concurrent action of the 5, 5¢
shear forces.

rcdﬁ-lli_El II” 14/03/2019
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Ladder Frame

Deflection of the structure

The internal energy U calculated for the quarter-ladder frame allows the
evaluation of the deflection of the frame that is Y4 of the deflection of the
overall structure.

It might be seen this aspect by the congruency garanteed at the support of
the complete structure.

rST
51

rigid traslation in Z direction (-9)

14/03/2019
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Ladder Frame

Deflection of the structure

The internal energy U
calculated for the quarter-
ladder frame allows the
evaluation of the deflection of
the frame that is Y4 of the
deflection of the overall
structure.

By the kinematic
concompatibility reinstated
(three-supports), the

calcultation of the oveall
dflection is evaluated.

EII'II-III-.El II” 14/03/2019
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Ladder Frame

Deflection of the structure

t, : torsional stiffness [Nm/deqg]

M;: torsional moment

A0: rotation
) 5
.
M 2Fc -
t, = —& = LV =R
AO A6 : .
eq. rotation along the P R-axis )
44 The @ point must be increased on direction Z of (20)
AO = —
2¢
where
M. FQo)
SN0 46
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Torsional stiffness

Space-frame

(a) {b)

P AU

E =t * P* C/ (Mgy*1000)

E,: torsional efficiency [m#/(s2 deg)] Torsional deformation
t, : torsional stiffness [Nm/deg] = M/ 6

P: wheelbase [m] Rear side
C: axle track [m]

M: weight [kg]

for a Body in White frame structure. \7

Front side

E‘H[El II” 14/03/2019 19




Ladder Frame

Further considerations

summarizing the results, we obtain the following table

trs | bnd | shr | residual stiffness
1 | 1 | 1 | 100. % / Torsional
1 | 1 | 0 | i e stiffness M, — Fie
i 1. § I o5 g% /4/\/\/\— .
1 | 0 | 0 | & 25 %
0 | 1 [ 1 [ 92 .8% b=
. I ; I 1 [ o 7 Bending Shear
0 | 0 | 0 | 3. 0% 7 stiffness stiffness%

" which may be ratiocnalized according to the following scheme

E{.l"lﬁ II” 14/03/2019 20



Ladder Frame

Further considerations

Torsional
stiffness

M; = F2¢
By S | e
_ 45
=3¢
—

Bending Shear %
stiffness stiffness T

How does the sill deform?

____________________ $

NANANRNNANNNNN

high bending stiffness

high shear compliance

high shear stiffness

==a§
3
LT

'gll_li'llﬁ II" 14/03/2019 2

high bending compliance




Ladder Frame

Further considerations

cross-sectional plane:

Generic sections (without plane of symmetry).

Eﬁllﬁ II” 14/03/2019
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LAB Maxima files saved as:
quarter ladder frame v005 BASEZ2019.wxmx

quarter ladder frame v005 BASE2019 rev02.wxmx

Torsional stiffness testing:
http://www.optimumg.com/technical/torsional-stiffness-2/
of a ladder frame vehicle at 1:30 minutes of the video
https://www.youtube.com/watch?v=o0pNSP59TTcY

of different panels varying the material under investigation

E:!“I[EI II” 14/03/2019
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Marziale, Epigrammi
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